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ABSTRACT 
Small  ampl i tude  low f requency  waves a re  t r e a t e d  i n  
a plasma o f  i n f i n i t e  c o n d u c t i v i t y  i n  t h e  p r e s e n c e  o f  magnet ic  
and g r a v i t a t i o n a l  f i e l d s .  I n  g e n e r a l ,  t h e r e  a r e  t h r e e  k i n d s  
o f  wave motion:  namely, a c o u s t i c ,  g r a v i t y ,  and hydromagnet ic .  
I n  t h i s  a n a l y s i s ,  t h r e e  wave modes were found which w e  c a l l e d  
t h e  +mode, -mode, and t h e  Alfven  mode. Each mode i s  s t r o n g l y  
coupled  t o  each of t h e  t h r e e  k i n d s  of mot ions ,  w i t h  t h e  
e x c e p t i o n  of t h e  Alfven mode. The Alfven  mode i s  independent  
o f  c o m p r e s s i b i l i t y  and g r a v i t y ,  s i n c e  i t  can be  s e p a r a t e d  from 
t h e  d i s p e r s i o n  r e l a t i o n .  
The l o c a l  d i s p e r s i o n  r e l a t i o n  i s  d e r i v e d  and e x p r e s s e d  
i n  a nondimensional  form independent  of t h e  c o n s t a n t s  d e s c r i b i n g  
a p a r t i c u l a r  a tmosphere.  Th i s  d i s p e r s i o n  r e l a t i o n  i s  shown 
t o  e x h i b i t  t h e  behav io r  o f  s t a b l e  and u n s t a b l e  modes of  wave 
p r o p a g a t i o n ,  which a r e  d i s p l a y e d  on a number o f  graphs  and i n  
t a b u l a r  form'. 
* This  work was suppor t ed  i n  p a r t  by t h e  N a t i o n a l  Aero- 
n a u t i c s  and Space A d m i n i s t r a t i o n  under  Grant  No. NGR-29-001-016. 
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. 
The v a r i a t i o n  o f  t h e  d e n s i t y  w i t h  h e i g h t  i s  t a k e n  
i n t o  account  by a g e n e r a l i z e d  W . K . B .  method. Equa t ions  a r e  
found which g i v e  t h e  h e i g h t  a t  which wave r e f l e c t i o n  o c c u r s .  
Th i s  de t e rmines  t h e  maximum h e i g h t s  up t o  which t h e  t h r e e  modes 
can  p r o p a k a t e .  
I .  I N T R 9 D U C T I O N  
The g r e a t  width o f  t h e  c o r o n a l  l i n e s ,  t h e  h i g h  
l e v e l  of  i o n i z a t i o n  of Fe, Ca, and N i ,  t h e  washing o u t  o f  t h e  
Fraunhofer  spec t rum by e l e c t r o n  s c a t t e r i n g ,  and t h e  v a s t  
e x t e n t  o f  t h e  co rona  i n d i c a t e  an ex t r eme ly  h i g h  t e m p e r a t u r e ,  
which a s t r o p h y s i c i s t s  b e l i e v e  i s  due t o  t h e  t r a n s f e r  o f  energy  
from t h e  convec t ion  zone by waves. Some a u t h o r s  1-6  used  
a c o u s t i c  waves t o  account  f o r  t h e  corona  h e a t i n g ,  o t h e r s  7 - 1 1  
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c o n s i d e r e d  hydromagnet ic  waves a s  r e s p o n s i b l e ,  and a n o t h e r  1 2  
used  i n t e r n a l  g r a v i t y  waves f o r  an  e x p l a n a t i o n .  One v e r y  
s p e c i a l  s i t u a t i o n  i s  t r e a t e d  by Yu . 13 
However, i n  a magnet ized atmosphere c o n s i s t i n g  o f  
a p lasma,  i t  i s  i n  p r i n c i p L e  imposs ib l e  t o  c o n s i d e r  e i t h e r  
one o f  the 'se  modes independen t ly  from t h e  o t h e r s .  
i n t e r a c t  w i t h  each o t h e r  and have t o  be c o n s i d e r e d  s i m u l t a n e -  
o u s l y .  T h e r e f o r e ,  we have i n v e s t i g a t e d  plasma wave p r o p a g a t i o n  
w i t h i n  a magnet ized atmosphere under  t h e  i n f l u e n c e  o f  g r a v i t y  
i n  t h e  magneto-hydrodynamic ( N . H . D . )  app rox ima t ion ,  which i s  
v a l i d  f o r  low f requency  waves.  We w i l l  on ly  c o n s i d e r  t h e  
p r o p a g a t i o n  of t h e s e  waves i n  a magnet ized a tmosphere ,  and 
A l l  modes 
t h e r e f o r e  n e g l e c t  d i s s i p a t i v e  e f f e c t s  a r i s i n g  from v i s c o s i t y ,  
e l e c t r i c a l  r e s i s t i v i t y ,  and h e a t  c o n d u c t i v i t y .  
V i t h  t h e  a d d i t i o n  o f  a magnet ic  f i e l d ,  t h e  problem 
becomes much more compl i ca t ed ,  n o t  o n l y  by t h e  i n t r o d u c t i o n  o f  
a n o t h e r  mode o f  p ropaga t ion  (Alfven mode), b u t  a l s o  due t o  
t h e  f a c t  t h a t  t h e  magnet ic  f i e l d  i s  a v e c t o r ,  t h e r e b y  c r e a t i n g  
a t h i r d  d i r e c t i o n ,  which can be a l i g n e d  a r b i t r a r i l y  w i t h  
r e s p e c t  t o  t h e  g r a v i t y  v e c t o r  g and t h e  wave v e c t o r  k .  - 
W . A .  Whi taker ,  Ap. J .  - 137 ,  914  (1963) .  
C . P .  Yu, Phys.  F l u i d s  - 8 ,  650 ( 1 9 6 5 ) .  l3 
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2. FUNDAMENTAL EQUATIONS 
The fundamental equations necessary to describe 
the wave motions are (in Gaussian units) 
14 1) Euler equation: 
P [$ + ( 1 . v )  = -vp + p g  
' H x  (V x H )  - - G -  . (2.1) 
In this equation - v is the velocity vector of a particle of the 
oscillating medium, p is the pressure, p the density, g the 
gravity vector, and - H the magnetic field strength. For 
convenience we choose g to be along the negative z direction 
(downward), and we choose to orient the coordinate system so 
that the arbitrarily directed unperturbed magnetic field in the 
absence o f  wave motion has no y component. Thus, we have 
g =  - g e  ( 2  2 )  
H = H e  + H e  9 ( 2  3 )  
-Z 
and 
-0 x-x z-z 
where e and e are unit vectors in the x and z directions, 
respectively. 
2) Continuity equation: 
-X -Z 
- aP + v . ( p l J )  = 0 
at ( 2 . 4 )  




3 )  Second law o f  thermodynamics: ( a d i a b a t i c  approximat ion)  
ds  - as - - - + y.v.s = 0 , d t  a t  
where s i s  t h e  s p e c i f i c  e n t r o p y .  
4 )  Equat ion  0.f s t a t e :  
P = P ( P , S )  
Thus, w e  have f o r  t h e  t o t a l  d i f f e r e n t i a l  
dp = s)p d s  + E) dp 
S 
5 )  Ohm-Maxwell e q u a t i o n :  1 5  
( 2 . 5 )  
a F - = v x ( v  x I I )  a t  ( 2 . 8 )  - - 
We w i l l  assume t h a t  f o r  t h e  e q u i l i b r i u m  c o n d i t i o n s  
t h e  v a r i a t i o n  o f  d e n s i t y ,  p r e s s u r e ,  and e n t r o p y  w i t h  h e i p h t  
i s  e x p o n e n t i a l ,  a s  is the  c a s e  f o r  an i d e a l  pas .  Thus,  w e  
have 
J 
T . C .  Cowling, i h i d .  
- 5 -  
. 
where p and p a r e  c o n s t a n t s ,  and h i s  t h e  s o - c a l l e d  
"sca le  he igh t " .  
3 .  THE LINEARIZEP EQUATIONS OF VOTION 
We assume t h a t  a l l  d e v i a t i o n s  o f  t h e  p e r t u r b e d  
q u a n t i t i e s  from t h e i r  e q u i l i b r i u m  v a l u e s  a r e  s m a l l .  
w e  may p u t  t o  f i r s t  o r d e r :  
Hence, 
s ( c , t )  = s + ' s ' ( r , t ) ,  
eq - 
and 
- M = H - 0  + H ' ( r , t )  - - ( 3 . 1 )  
where H i s  c o n s t a n t .  The q u a n t i t i e s  P ' ,  p' ,  s ' ,  and H ' ,  
t o g e t h e r  w i t h  t h e  v e l o c i t y  v = v ( r , t ) ,  a r e  cons ide red  t o  be 
p e r t u r b i n g  q u a n t i t i t e s  o f  f i r s t  o r d e r .  
- - 0  
- - 
Consider  t h e  E u l e r  e q u a t i o n  (2 .1)  t o  z e r o t h  
o r d e r  f o r  e q u i l i b r i u m  c o n d i t i o n s :  
- 6 -  
By combining eq. (2.9) with eq. (3.2), we have 
P 
g =  -e -2 e
0 
(3.3) 
We substitute the quantities (3.1) into the 
fundamental equations (2.11, (2.4), (2.5), and ( 2 . ? ) ,  and 
neglect the products of the perturbing quantities. 
the help of eq. (3.2), there results the linearized Euler 
equation : 
With 
The linearized continutity equation becomes 
P 
7 + p at - v * v  - f (x*gz) = 0 0 (3.5) 
The second law of thermodynamics can be written 
in linearized form as: 
ds 
as 0 -3 = 0 - + (v*e ) at - -z ( 3 . 6 1  
The linearized Ohm-Maxwell equation is: 
- 7 -  
0 
- a H =  v x  \ L X  a t  3 ( 3 . 7 )  
We l i n e a r i z e  the  e q u a t i o n  o f  s t a t e  by o b s e r v i n g  
t h a t  t h e  d e n s i t y  i s  a cont inuous  f u n c t i o n  o f  b o t h  t h e  
en t ropy  and p r e s s u r e ,  s o  t h a t  w e  can  per form a Tay lo r  
expans ion  abcu t  t h e  e q u i l i b r i u m  s t a t e .  Keeping o n l y  f i rs t  
o r d e r  terms, eq .  ( 2 . 7 )  becomes 
p = + q) ps’ + ?) P j e  - z/h 
By s u b s t i t u t i o n ,  w e  have 
1 
0 a 
p c  = ?) a P  s ’  + p’ as 
P 
I t  i s  t o  b e  n o t e d  t h a t  t h e  z e r o  s u b s c r i p t s  o f  t h e  
( 3 . 8 )  
( 3 . 9 )  
p a r t i a l  
d e r i v a t i v e s  i n d i c a t e  t h a t  t h e s e  a u a n t i t i e s  a r e  e v a l u a t e d  a t  
t h e i r  e q u i l i b r i u m  v a l u e s .  I n  eq .  ( 3 . 9 ) ,  a = a p  / ap  [ 0 .) p2 
i s  known as t h e  sound v e l o c i t y  i n  t h e  medium. 
Taking t h e  time d e r i v a t i v e  of  t h e  E u l e r  e q u a t i o n  
( 3 . 4 )  and e q .  ( 3 . 9 ) ,  we o b t a i n ,  r e s p e c t i v e l y :  
ak ic  H x (V x -) = 0 , (3.10) 1 a p *  - -  
-0 a t  
eq 
p at g + 47rp 
- 8 -  
and 
(3.11)  
% Eqs. ( 3 . 5 ) ,  ( 3 . 6 ) ,  ( 3 . 7 ) ,  ( 3 . 1 0 ) ,  and (3.11)  
form a s e t  o f  l i n e a r  homogeneous e q u a t i o n s  f o r  t h e  unknowns 
v ,  p ’ ,  p’, s’, and H’. From t h e s e  e q u a t i o n s  and t h e  p l a n e  
wave assumpt ion ,  it i s  p o s s i b l e  t o  d e r i v e  t h e  d i s p e r s i o n  
r e l a t i o n .  
- - 
In  ou r  c a s e ,  however, it i s  e x p e d i e n t  t o  f i r s t  
reduce t h e  s e t  of  eqs .  (3.5), ( 3 . 6 ) ,  ( 3 . 7 ) ,  ( 3 . 1 0 ) ,  and (3.11) 
by e l i m i n a t i n g  t h e  unknowns p ’ ,  p’, s’, and H’ r e s u l t i n g  i n  
on ly  one e q u a t i o n  f o r  v .  For example, s o l v i n g  eq .  (3 .5)  
f o r  a p ’ / a t ,  eq .  (3 .6)  f o r  as’/at, eq .  (3 .7 )  f o r  a H ’ / a t ,  and 
eq .  (3 .11)  f o r  a p ’ / a t ;  s u b s t i t u t i n g  a p ’ / a t  o f  eq.  (3 .5)  
and a s ’ / a t  o f  e q .  (3 .7)  i n t o  eq .  ( 3 . 1 1 ) ,  and t h e n  s u b s t i t u t i n g  
ap’/at  o f  e q .  (3 .11)  a p ’ / a t  o f  eq .  ( 3 . 5 ) ,  and’aH’/at  of 







The vector differential equation ( 3 . 1 2 )  represents a set of 
three linear homogeneous differential equations for the 
unknowns vx, v and vz. Y' 
4. PERFECT GAS ASSUMPTION 
It is quite obvious that the case of a perfect 
gas deserves special consideration for the reason of being a 
very good approximation in most situations and for its math- 
ematical simplicity. 
For a perfect gas under adiabatic compression, we 
have 
- Y  PP ' P P  - y  
0 0  
(4.1) 
where y =  c /c is the ratio of the specific heats, at 
constant pressure and density. For a momatomic gas, one 
has y =  5 / 3  = 1.6666.. . . From eq. (4.1) and the definition 
of sound, we have 
P V  
-10- 
With t h e  h e l p  of  e q s .  (3 .3)  and ( 4 . 2 ) ,  w e  can e x p r e s s  t h e  
s c a l e  h e i g h t  a s  f o l l o w s :  
To e x p r e s s  t h e  term i n  t h e  s q u a r e  b r a c k e t s  o f  
eq .  (3 .12)  f o r  t h e  c a s e  o f  an i d e a l  g a s ,  we c o n s i d e r  t h e  
well-know thermodynamic r e l a t i o n s  
where T i s  t h e  a b s o l u t e  t empera tu re .  
(3 .2 )  and ( 4 . 4 ) ,  we can  w r i t e  
By making use  of  e q s .  
2 
C c T  
P P 0 P 
( ( 4 . 5 )  
I t  i s  expedient  t o  p u t  t h e  v e l o c i t y  of sound i n  
s t i l l  a n o t h e r  form. For  t h e  p e y f e c t  gas  assumpt ion ,  w e  have 
-11- 
where R i s  t h e  gas c o n s t a n t ,  and A i s  t h e  molecular  w e i g h t .  
Thus, from Eq. (4 .2 )  we o b t a i n  
R a 2  = y T = c T ( y - 1 ) .  
P (4 7) 
With e q s .  (4 .5)  and  ( 4 . 7 ) ,  t h e  t e rm i n  t h e  squa re  b r a c k e t s  
o f  e q .  (3 .12)  becomes 
0 
By s u b s t i t u t i o n  o f  eq .  (4 .8)  i n t o  e q .  ( 3 . 1 2 ) ,  we have t h e  
e q u a t i o n  f o r  v f o r  a c o u s t i c  magne to -g rav i ty  waves w i t h i n  a 
p e r f e c t  gas  
- 
2 a v  - - a’ grad d i v  v - g r a d  (v g) - at2 
H x c u r l  c u r l  (v  x H ) = 0 .  1 
- 0  - 1) div  v + - -g ( Y  - 4 V e q  - 0  
5. PLANE WAVE ANALYSIS 
F o r  p l ane  waves, t h e  v e l o c i t y  d e s c r i b i n g  t h e  wave 
motion v a r i e s  s i n u s o i d a l l y  as f o l l o w s :  
i ( k * r  - k t )  - v(;,t) = - v e - - 
where v i s  a c o n s t a n t  v e c t o r .  - 
- 1 2 -  
We assume the wavelength t o  be  s m a l l  compared t o  t h e  
s c a l e  h e i g h t .  This  assumption a l lows  us t o  c o n s i d e r  p 
i n  eq .  ( 4 . 9 )  a s  a c o n s t a n t  i n  t h e  lowes t  approximat ion .  In  
a b e t t e r  approximat ion ,  such a s  t h e  W.K.B. approximat ion  i n  
eq 
s e c t i o n  11, we w i l l  assume P t o  be s lowly  v a r y i n g .  
eq  
A f t e r  i n s e r t i n g  e q ,  (5 .1)  i n t o  eq .  ( 4 . 9 ) ,  t h e r e  
r e s u l t s  
2 w2v - - a ( k * v ) k  - - - + i ( v - g ) &  - + i( r l )  (k*v)g 
Vector  e q u a t i o n  ( 5 . 2 )  r e p r e s e n t s  a s e t  of  t h r e e  l i n e a r  
homogeneous e q u a t i o n s  f o r  t h e  unknowns vx ,  v and v z .  The 
c o n d i t i o n  f o r  a n o n - t r i v a l  s o l u t i o n ,  t h e  v a n i s h i n g  o f  t h e  
Y ’  
de t e rminan t  of t h e  c o e f f i c i e n t s ,  i s  t h e  d i s p e r s i o n  r e l a t i o n .  
6. THE DISPERISON RELATION 
The d i s p e r s i o n  r e l a t i o n  can be o b t a i n e d  from t h e  
t h r e e  components of t h e  e q u a t i o n  of  motion (5 .2)  by p u t t i n g  
t h e  de t e rminan t  o f  t h e  c o e f f i c i e n t s  e q u a l  t o  z e r o .  However, 
t h e  d i s p e r s i o n  r e l a t i o n  can  be d e r i v e d  more e a s i l y  i n  a d i f -  
f e r e n t  way by forming t h e  d o t  p r o d u c t s  of  eq.  (5 .2)  w i t h  k ,  g, 
and H . 
-0 
-13 -  
. 
F o r  t h i s  pu rpose ,  it i s  convenient  t o  b r i n g  eq.  ( 5 . 2 )  i n t o  a 
d i f f e r e n t  form by expanding t h e  m u l t i p l e  v e c t o r  p roduc t  of  t h e  
l a s t  term i n  eq .  (5.2): 
By s u b s t i t u t i n g  e q .  (6 .1)  i n t o  eq .  ( 5 . 2 ) ,  w e  have 
2 ~ ' 1  - a (k v)k - -  + i ( v  - g)k + i ( y - 1 )  (k v)g 
a 
F i r s t ,  we then  t a k e  t h e  d o t  p roduc t  of e q .  (6 .2 )  w i t h  k and 
o b t a i n  
- 
- = O  
( 6 . 3 )  
- 1 4 -  
Second, w e  t a k e  t h e  d o t  product  of eq .  ( 6 . 2 )  w i t h  g, and 
o b t a i n  
And t h i r d ,  we take t h e  dot  p roduc t  o f  eq .  ( 6 . 2 )  w i t h  H , and 
o b t a i n  
-0 
w2(v*H ) - a 2 ( k * v )  (k-H ) + i ( v * g )  (k-H ) 
-0 - - - -0 - -  - -0 
+ i ( y - 1 )  (kov) - - ( g - H  -0 ) = 0 (6 .5 )  
Rearranging e q s .  (6.3), ( 6 . 4 ) ,  and ( 6 . 5 ) ,  and n o t i n g  
t h a t  ( g - v )  - = - g  (v*eZ), we have r e s p e c t i v e l y  
2 2  a 2  - a k + i ( y - 1 )  ( g * k )  - - .&- 
-15- 
and 
+ (v*H - -0 ) [uI'] = 0 . 
The unknowns of t h e  above t h r e e  e q u a t i o n s  a r e  ( v * k ) ,  - -  
( E O ~ ) ,  and (v-H ) .  
c o e f f i c i e n t s  of eqc .  ( 6 . 6 ) ,  ( 6 . 7 ) ,  and (6 .8)  e q u a l  t o  
S e t t i n g  t h e  de t e rminan t  of  t h e  
-0 - 
z e r o ,  we have t h e  d i s p e r s i o n  r e l a t i o n :  
-16-  
2 2  a k (H ~ k ) ~  - - = o  -0 - 
(4"Peq) ' 
7. L I M I T I N G  CASES 
(6.9)  
# 
Sound waves: We n o t e  t h a t  i n  t h e  absence  o f  g r a v i t y  
and t h e  magnet ic  f i e l d ,  eq. (6 .9 )  r educes  t o  
2 2 2  = a k  1 (7 .1)  
t h e  d i s p e r s i o n  r e l a t i o n  v a l i d  f o r  sound waves. . 
Acous t i c -Grav i ty  waves: I n  the. absence  of  t h e  
magnet ic  f i e l d ,  eq .  (6 .9)  r educes  t o  
- 1 7 -  
the dispersion relation valid for acoustic-gravity waves. 
If we put k = 0 in eq. ( 7 . 2 ) ,  we would have the dispersion 
relation valid for acoustic-gravity waves in a two-dimensional 
16 space, which was used by Hines . 
. Y  
Gravity waves: For the case of gravity waves in 
an incompressiblemedium, we divide eq. 
gives 
(7.2) by a', which 
2 2  4 igrk 2 '( - e- k 2 )  + 5 (y-l)(k -kz) = 0 (7.3) 
a 9' .  a 
J 
From eq. (4.8) we obtain 
We define 8 t o  be the angle between the wave vector k and 
the vertical e . From this definition it follows that 
- 
-2 
(7.5) 2 2 k z  - kz = k sin 8 z 
C . O .  Hines, Canadian J. Phys. - 38, 1441 ( 1 9 6 0 ) .  
-18- 
By s u b s t i t u t i n g  e q s .  (7 .4 )  and(7 .5)  i n t o  e q .  ( 7 . 3 ) ,  
we have 
. 
For an incompress ib l e  medium, we l e t  t h e  v e l o c i t y  of  sound,  
a ,  become i n f i n i t e .  Eq. (7.6) becomes 
(7 .7)  
which i s  t h e  d i s p e r s i o n  r e l a t i o n  f o r  grav, ty  waves an 
incompress ib l e  medium . 1 7  
Magnetosonic waves: L e t t i n g  g = 0 i n  eq .  ( 6 . 9 ) ,  
we o b t a i n :  
l7 See f o r  example, L.D. Landau and E.M. L i f s h i t z ,  F L U I D  
MECHANICS, Pergamon Press, London, (1959) .  
- 1 9 -  
1 H 2  w 6 +  w [,,' - + k2 - 4.rrpT eq eq  
H 2  (H * k ) '  
+ 
0 - 0 -  
(Ha k) 
eq 
.+ w 2  [2a2k2 ,e
(H ~ k ) ~  
k 2 = 0  , 2 -0 2 -a  
(4SPeq) 
E q .  (7 .8)  i s  s e p a r a b l e  i n t o  two p a r t s ,  i n d i c a t i n g  two 
independent  modes of  wave p ropaga t ion .  We have 
and 
(7 .8)  
(H .g2 
e9 
k 2 = 0  . 
k2] 
+ a 2  4-o 
H 2  -* = P  
w + ,zcnixi eq  +jL w + $[-a k - ,,O . n r r  k 2  I + a 13,- 0  ' 2 2  1 
(7 .10)  
Eq. (7 .9)  e x p r e s s e s  t h e  d i s p e r s i o n  r e l a t i o n  f o r  
t h e  Alfven mode. Th i s  mode i s  p u r e l y  t r a n s v e r s e  and i s  
independent  o f  t h e  c o m p r e s s i b i l i t y  o f  t h e  medium. 
Eq. (7.10) i s  the d i s p e r s i o n  r e l a t i o n  f o r  
18 l o n g i t u d i n a l  magnetosonic  waves , 
l8 See f o r  example,  S.  Gartenhaus,  ELEMENTS OF PLASMA PHYSICS, 
H o l t ,  New York, ( 1 9 6 4 ) .  
- 2 0 -  
Alfven waves: Last  o f  a l l ,  we c o n s i d e r  t h e  s p e c i a l  
.case of  a magnet ic  f i e l d  a c t i n g  on an incompress ib l e  medium. 
We s e e  t h a t  by d i v i d i n g  eq .  ( 7 . 1 0 )  by a 2 k 2  and l e t t i n g  t h e  
v e l o c i t y  of  sound become i n f i n i t e ,  g i v e s  aga in  eq.  ( 7 . 9 ) .  
Thus, f o r  t h i s  c a s e ,  on ly  t h e  Alfven  mode e x i s t s .  
8 .  WAVE MODES AND THE DIMENSIONLESS DISPERSION RELATION 
In  o r d e r  t o  d e s c r i b e  t h e  t h r e e  v e c t o r s  k ,  g, and 
H w i t h  r e s p e c t  t o  each o t h e r ,  we must i n t r o d u c e  t h r e e  a n g l e s .  
(See F igu re  1 . )  
-0 
Thus, f i r s t  w e  d e f i n e  t h e  a n g l e  n, between t h e  z -  
d i r e c t i o n  and t h e  magnetic f i e l d  v e c t o r ,  hence 
(Cz*H -0 ) = H 0  COS^ . 
Second, w e  d e f i n e  t h e  angle  4 ,  between t h e  wave p r o p a g a t i o n  
v e c t o r  and t h e  magnet ic  f i e l d  v e c t o r ,  hence 
(L*H ) = H k cos4 
-0 0 
And t h i r d ,  a s  i n  S e c t i o n  7 ,  we d e f i n e  t h e  ange l  e ,  between t h e  
z -  d i r e c t i o n  and t h e  wave p r o p a g a t i o n  v e c t o r ,  hence 
- 2 1 -  
The e x p l i c i t  angu la r  dependence o f  t h e  d i s p e r s i o n  
r e l a t i o n  i s  p r e s e n t e d  by s u b s t i t u t i n g  t h e s e  a n g l e s  i n t o  eq .  
(6 .9)  w i t h  t h e  r e s u l t :  
H4k4 c0s241 2 H2k4 2 4%- + 2a cos 9 + eq eq  
H4k5 3 2 H2k4 2 2 
(47weq) eq 
- i g v  O cos 4 cosn - g ( y - 1 )  cos 4 s i n  e 
- a  2 H4k6 O______ COS 4 4 = 0 . 
( 8 . 4 )  
- 2 2 -  
Eq. ( 6 . 9 )  may be s e p a r a t e d  i n t o  two p a r t s ,  i n d i c a t i n g  two 
independent  modes of wave p ropaga t ion .  We have 
and 
H 2  u4 + u2 ( - i g y k z  - a 2 2  k - 
eq 
As i n  t h e  magnetosonic  c a s e ,  we s e e  t h e  appearance o f  t h e  
Al fven  mode, eq .  (8 .5 ) .  The second mode, eq .  ( 8 . 6 ) ,  i s  
however, due t o  t h e  coup l ing  of g r a v i t y ,  magnet ic  f i e l d ,  
and c o m p r e s s i b i l i t y .  
I n  o r d e r  t o  o b t a i n  t h e  a n g u l a r  dependence of eq .  
( 8 . 6 ) ,  w e  s u b s t i t u t e  i n t o  i t  t h e  a n g l e s  ( 8 . 1 ) ,  ( 8 . 2 ) ,  and 
( 8 . 3 ) ,  which g i v e s  
- 2 3 -  
I -  
4 2 2 H2 2 2 2  
+ g . ( v - l )  k s i n  e + a k C O S  0 
eq 
k3 cosn cos0 = 0 
+ igv ?&- 
eq 
(8.7) 
Solving eq.  ( 8 . 7 )  for u2, w e  have 
H 2  
k2 + 1/2 igyk cos e u *  2 = 1/2 a2k2 + &- 
eq 
H2k3 
C O S  e 2 3  + 2 i a  gyk cos8 + 2 i g y  
eq 
H2k3 1 1/2 
1 - 4  igy cos 0 cosn eq 
- 2 4 -  
I n  o r d e r  t o  p u t  t h i s  d i s p e r s i o n  r e l a t i o n  i n t o  
. d imens ion le s s  form, w e  must f i r s t  d e f i n e  a c h a r a c t e r i s t i c  
wave number kc and a c h a r a c t e r i s t i c  f r e q u e n c y o c .  
conven ien t  t o  a e f i n e  
I t  i s  
. From eq .  (4 .2)  2 Le t  u s  c o n s i d e r  t h e  q u a n t i t y  O 
~ I T O  a 




By s u b s t i t u t i n g  eq .  ( 8 . 9 )  and (8.10) i n t o  eq .  ( 8 . 8 ) ,  
we have 
(8 .11)  
-25- 
(8 .12)  
t h e r e  i s ,  however,  a r e s t r i c t i o n  on t h e  t h r e e  a n g l e s  i n  eq.  
(8 .12)  from s p h e r i c a l  t r i g o n m e t r y  g i v e n  by 
0 "  < ( e  + rl + $)  < 360' 
As can be s e e n  from e q .  ( 8 . 1 2 ) ,  t h e  d i s p e r s i o n  
- - 
r e l a t i o n  is  complex i n  g e n e r a l ,  imply ing  s t a b l e  and u n s t a b l e  
wave motion.  For u n s t a b l e  wave mot ion ,  t h e  growth ra tes  a r e  
g i v e n  by t h e  imaginary  p a r t  of t h e  f r equency .  
- 2 6 -  
9 .  LIMITS OF STABILITY 
A s  can  be s e e n  from t h e  d i s p e r s i o n  r e l a t i o n  ( 8 . 1 2 ) ,  
t h e r e  e x i s t  two independent modes, which we c a l l  t h e  +mode and 
t h e  -mode. Each mode s p l i t s  up i n t o  two submodes due t o  t h e  
f a c t  t h a t  t h e  f requency  W i n  eq .  (8 .12)  i s  squa red .  I f  t h e  
d i s p e r s i o n  r e l a t i o n  i s  complex, one submode i n c r e a s e s  and t h e  
o t h e r  d e c r e a s e s  e x p o n e n t i a l l y  w i t h  t ime .  I f  t h e  wave motion 
i s  t o  be  s t a b l e ,  t h e r e  mus t  be  no wave growth. T h i s  i m p l i e s  
t h a t  t h e  imaginary p a r t  o f  t h e  f requency  must be z e r o .  The 
wave number, K s l ,  below which t h e  atmosphere c e a s e s  t o  be s t a b l e  
s h a l l  be c a l l e d  t h e  wave number s t a b i l i t y  l i m i t .  
To d e r i v e  t h e  r e l a t i o n  f o r  t h i s  c o n d i t i o n ,  we r e w r i t e  
eq .  (8.12) i n t o  t h e  fo l lowing  form 
where 
W2 = A + i B  _+ ( C  + iD) 1 / 2  
f 
2 
A = 1 / 2 K  + K- 2 
Y B  ’ 
B = ($ )3 /2  6’” K cos  8 , 
4 4 
C = 1/4 K 4  - 1 /8  B y 3  K 2  cos28  + % +  
Y B  
2 2 - 1 / 2  yB ( y - 1 )  K -  s i n  8 - vB 
(9 .11 
- 2 7 -  
r and 
1 
2 S e p a r a t i n g  W, i n t o  a r e a l  and an imaginary p a r t ,  
we have ,  u s i n g  E u l e r ' s  i d e n t i t y  
2 1 / 2  i a  W t = E + i F =  ( E 2 + F )  e , 
where 
a = a r c t a n  F/E 
Taking t h e  s q u a r e  r o o t  of b o t h  s i d e s  of  e q .  (9 .3 )  and 
expanding,  we have 
2 'I4 i a / 2  e 2 W , = ( E  + F )  
(9 .3 )  
( 9 . 4 )  I 
(9 .5 )  
The c o n d i t i o n  f o r  s t a b i l i t y ,  which i m p l i e s  t h a t  t h e  imaginary 
p a r t  of t h e  f requency  i s  z e r o ,  is  g iven  by 
i 2 n n  
9 n = 0 ,  1, 2 ,  ... e i 4  = e 
o r  
a = 4nn . 
T h e r e f o r e ,  due t o  eq. ( 9 . 4 )  
F / E  = t a n  (4nn) = 0 , 
-28-  
(9 .6 )  
(9 ' 7 )  
(9 .8 )  
, -  
Since  E i s  f i n i t e ,  t h i s  imples  t h a t  F = 0 f o r  
s t a b l e  wave motion.  
To d e r i v e  t h e  c o n d i t i o n  f o r  F = 0 ,  w e  expand eq .  
(9 .1)  and o b t a i n  




u = a r c t a n  ( D / C ) ,  (9 .10)  
f o r  which t h e  p r i n c i p a l  r o o t  ( - n / 2  < u < ~ / 2 )  h a s  t o  be  
t a k e n .  Thus,  t h e  c o n d i t i o n  f o r  F = 0 becomes 
- - 
U 1 / 4  s i n  2 B = i (C + D2) 
(9.11)  
-29-  
I .  
By substituting the expressions B , C ,  and D, 
(Eqs. (9.2)) into eq. (9.11), we have the condition for 
the imaginary part of the frequency to be zero; that is, 
the condition for stability f 
- 1  3/2 1/2 ($1 s K case = + 
K4 K4 
+22+-- YB 
Y B  
1 
cos $ . - 1  - -  2 K4 YB (9.12) 
-30- 
I n  t h e  fo l lowing  c a s e s ,  we w i l l  ana lyze  t h e  
c o n d i t i o n s  f o r  s t a b l e  wave modes u s i n g  e q s .  (9.11) and 
(9 .12 ) .  
Case I :  I n  t h i s  c a s e  t h e  wave v e c t o r  and t h e  
m a g n e t i c , f i e l d  a r e  i n  t h e  v e r t i c a l  d i r e c t i o n ;  e = O o ,  n = O o ,  
and $ = o o .  F i r s t ,  we c o n s i d e r  t h e  -mode, which means 
t h a t  w e  choose t h e  p l u s  s i g n  i n  eq .  ( 9 . l l j .  S ince  I3 > 0, 
we can w r i t e  
(9 .13)  
Upon s q u a r i n g  each s i d e  and r e a r r a n g i n g ,  we have 
2 4 B2 (B2 + C) = D . (9 .14)  
S u b s t i t u t i n g  t h e  e x p r e s s i o n  B , C ,  and D ( E q .  ( 9 . 2 ) )  i n t o  
eq .  (9 .141 ,  and p u t t i n g  8 = O o ,  n = ( ) " , a n d  $ = O o ,  we o b t a i n  a n  i d e n t i t y  
This  shows t h a t  Im(W ) = 0 f o r  a l l  v a l u e s  of K .  Hence, s t a b l e  
wave p r o p a g a t i o n  occur s  f o r  t h e  -mode f o r  a l l  v a l u e s  o f  K .  
- 
However, i n  t he  +mode c a s e ,  t h e  minus s i g n  is  
chosen i n  eq.  ( 9 . 1 1 ) ,  a n d s i n c e B  i s  p o s i t i v e ,  i t  i m p l i e s  t h a t  
Im(W+) f 0 f o r  a l l  va lues  of  K (except  t h e  t r i v i a l  c a s e  of 
K = 0 ) .  Hence, wave p ropaga t ion  i s  u n s t a b l e  f o r  t h e  +mode 
f o r  a l l  v a l u e s  of  K .  
Case 11: The wave v e c t o r  and t h e  magnet ic  f i e l d  
a r e  h o r i z o n t a l .  e = 9 0 ° ,  n =  9 0 ° ,  and $ = 0'. In  t h i s  
c a s e  we s e e  t h a t  B = 0 and D = 0 ,  s o  ou r  c o n c l u s i o n  r e g a r d i n g  
-31-  
s t a b i l i t y  w i l l  be  v a l i d  f o r  b o t h  t h e  +mode and t h e  -mode. 
Eq. (9 .11)  upon s q u a r i n g  and r e a r r a n g i n g ,  becomes 
= c  
Th i s  means t h a t  f o r  va lues  of K f o r  which C > 0 ,  t h e n  
Im(W,) = 0 ,  and t h e  modes are  s t a b l e ,  b u t  f o r  v a l u e s  o f  K f o r  
which C e 0 ,  t h e n  Im(W+) # 0 ,  and t h e  modes a re  u n s t a b l e .  
The wave number s t a b i l i t y  l i m i t  i s  g i v e n  by 
1 1 
= - Y B  I ll4 + Y B  
L " .  A", 
L J 8 
Thus, t h e  waves of  b o t h  t h e  +mode and t h e  -mode a r e  u n s t a b l e  
f o r  K < Ksl and s t a b l e  f o r  K > K s l .  
For t h i s  c a s e ,  t h e  d i s p e r s i o n  r e l a t i o n  (8 .12)  i s  
p l o t t e d  f o r  t h e  +mode and t h e  -mode f o r  K > Ksl  i n  F i g .  2 
and F ig .  3 ,  r e s p e c t i v e l y .  
F i g .  4 .  
Im(W+) and Im(W ) a r e  p l o t t e d  i n  
Case 111: This  i s  t h e  case of  a v e r t i c a l  wave 
v e c t o r  and a h o r i z o n t a l  magnet ic  f i e l d ;  e = O',n = g o " ,  
and 4 = 90'. 
which means t h a t  w e  choose t h e  p l u s  s i g n  i n  eq .  
S i n c e  B > O , . w e  can  aga in  c o n s i d e r  eq .  (9 .14 ) .  S u b s t i t u t i n g  
t h e  e x p r e s s i o n s  B ,  C ,  and D (eq .  (9 .2)  i n t o  eq .  (9 .14)  and 
p u t t i n g  e = O', ,= g o " ,  and 4 = g o ' ,  w e  o b t a i n  an i d e n t i t y .  
Th i s  shows t h a t  Im(W ) = 0 f o r  a l l  v a l u e s  of  K .  
t h e  mode s h o u l d  be s t a b l e  f o r  a l l  v a l u e s  of K .  
As i n  Case I ,  w e  f i r s t  c o n s i d e r  t h e  -mode, 




- 3 2 -  
, 
I -  
i n  t h i s  c a s e ,  t h e  -mode does n o t  a c t u a l l y  e x i s t ,  s i n c e  
Re(W ) = 0 a l s o .  - 
For t h e  +mode s i t u a t i o n ,  t h e  minus s i g n  i s  chosen 
i n  eq .  ( 9 . 1 1 ) ,  and s i n c e  B i s  p o s i t i v e ,  t h i s  imp l i e s  t h a t  
Im(W+) # ,O f o r '  a l l  v a l u e s  o f  K (except  t h e  t r i v i a l  c a s e  o f  
K = 0 ) .  Hence, wave p ropaga t ion  i s  u n s t a b l e  f o r  t h e  +mode 
f o r  a l l  v a l u e s  of K .  
Case I V :  I n  t h i s  c a s e  t h e  wave v e c t o r  i s  h o r i z o n t a l  
and t h e  magnet ic  f i e l d  i s  v e r t i c a l ;  8 = 90° ,n  = O o ,  and 
0 = 90' .  We s e e  t h a t  B = 0 and D = 0 a s  i n  Case 11, s o  
our  r e s u l t s ,  a s  b e f o r e ,  w i l l  b e  v a l i d  f o r  bo th  t h e  +mode and 
t h e  -mode. E q .  (9 .11)  becomes, upon s q u a r i n g  and r e -  
a r r a n g i n g  
This  means t h a t  f o r  va lues  o f  K f o r  which C 3 0 ,  t h e n  Im(W+) - 
= 0 ,  and t h e  modes a r e  s t a b l e ,  b u t  f o r  v a l u e s  of K f o r  which 
C < 0 ,  t h e n  Im(W,) # 0 ,  and t h e  modes a r e  u n s t a b l e .  This  
wave number s t a b i l i t y  l i m i t  i s  g i v e n  b y  
(9 .16)  
Thus,  t h e  wave of b o t h  t h e  +mode and t h e  -mode i s  u n s t a b l e  
f o r  K < K s l  and s t a b l e  f o r  K > K s l .  
- 3 3 -  
For t h i s  c a s e ,  t h e  d i s p e r s i o n  r e l a t i o n  (8.12) i s  
p l o t t e d  f o r  t h e  +mode and t h e  -mode f o r  K > Ksl i n  F ig .  5 
and F ig .  6 ,  r e s p e c t i v e l y .  Im(W+) and Im(W-) a r e  p l o t t e d  i n  
F ig .  7 .  
' Case V: The wave v e c t o r ,  t h e  magnet ic  f i e l d ,  and 
t h e  v e r t i c a l  a r e  a l i g n e d  a t  4 5 "  w i t h  r e s p e c t  t o  each  o t h e r ;  
e = 45" , r l  = 4 5 " ,  and (I = 4 5 " .  
which means t h a t  we choose t h e  p l u s  s i g n  i n  eq .  ( 9 . 1 1 ) .  
S ince  B > 0 ,  we o b t a i n  aga in  eq .  ( 9 . 1 4 ) .  S u b s t i t u t i n g  t h e  
e x p r e s s i o n s  B , C ,  and D (eq. ( 9 . 2 ) )  i n t o  eq .  (9 .14)  and 
F i r s t ,  we c o n s i d e r  t h e  -mode, 
p u t t i n g  e = 45",r l  = 4 5 " ,  and (I = 4 5 " ,  we o b t a i n  on ly  one 
s t a b l e  wave number K s ,  g iven by 
r -l 
! - -. 
f o r  which Im(W ) = 0 .  
(9 .17)  
In  t h e  +mode s i t u a t i o n ,  t h e  minus s i g n  i s  chosen i n  
eq .  ( 9 . 1 1 ) ,  and s i n c e  B i s  p o s i t i v e ,  i t  i m p l i e s  t h a t  Im(W+) 
# 0 f o r  a l l  v a l u e s  of K ( excep t  t h e  t r i v i a l  c a s e  o f  K = 0 ) .  
Hence, wave p r o p a g a t i o n  is u n s t a b l e  f o r  t h e  +mode f o r  a l l  v a l u e s  
o f  K .  Im(W ) i s  p l o t t e d  i n  F i g .  8 ,  which shows t h e  i n t e r -  
e s t i n g  c a s e  of  a s t a b l e  motion a t  one s i n g l e  wave number. 
Table  1 l i s t s  t h e  ranges  o f  s t a b i l i t y  f o r  t h e  
d i f f e r e n t  wave modes f o r  s e v e r a l  combinat ions of t h e  a n g l e s  
8 , n  , (I* 
-34-  
10. GROUP AND PHASE VELOCITIES 
Group v e l o c i t i e s  can b e  c a l c u l a t e d  d i r e c t l y  from 
t h e  d i s p e r s i o n  r e l a t i o n  ( 8 . 1 2 )  
f 
1 * n  
- Y  
where 
3 2 4 K 3  4 K 3  - 1 / 4 8  y K  COS 8 + - + -
2 2  If-? Y B  
112 2 
( 7 -  1) K s i n  2 0 - - 8K3 COS 2 0 - 3i(.is-y) 2 K C O S $  cosn Y B  
2 2 2~~ - 1/2 y B ( y -  1)  K s i n  e - - 
Y B  
1 / 2  
C O S $  cos  2 
3 1 2  1 / 2  
+ i[(+ 8 cose  - (-$ 
+ (&I costl) K J  
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Also ,  phase  v e l o c i t i e s  can be c a l c u l a t e d  d i r e c t l y  
from eq .  (8 .12)  by 
(10.2) 
V and V are  d imens ion le s s  q u a n t i t i e s  i n  u n i t s  of 
g P 
t h e  sotlnd v e l o c i t y  a .  
11. W . K . B .  APPROXIMATION 
We assumed above t h a t  p c o u l d  be  c o n s i d e r e d  a 
eq 
c o n s t a n t  i n  t h e  lowes t  approximat ion ,  i f  t h e  wavelength  was 
small compared w i t h  t h e  s c a l e  h e i g h t .  A b e t t e r  approximat ion  
i s  o b t a i n e d  by t a k i n g  i n t o  accoun t  t h e  s lowly  v a r y i n g  change 
o f  t h e  e q u i l i b r i u m  d e n s i t y  i n  t h e  v e r t i c a l  d i r e c t i o n  by a 
g e n e r a l i z e d  W . K . B .  method, which s h a l l  be p r e s e n t e d  h e r e .  
I t  i s  known, f o r  i n s t a n c e  from t h e  a p p l i c a t i o n  of  
t h e  W . K . B .  approximat ion  t o  t h e  s o l u t i o n  o f  S c h r o d i n g e r ' s  
e q u a t i o n ,  t h a t  t h e  W.K.B. method g i v e s  r e a s o n a b l e  good r e s u l t s  
even  i f  t h e  c o n d i t i o n  o f  a s m a l l  wavelength i s  no l o n g e r  s a t -  
i s f i e d .  T h e r e f o r e ,  we can a l s o  expec t  t h a t  o u r  r e s u l t s ,  which 
are d e r i v e d  by u s i n g  t h e  W . K . B .  method, a r e  a p p l i c a b l e  w i t h  
r e a s o n a b l e  a c c u r a c y ,  even i f  t h e  wavelength  canno t  be c o n s i d e r e d  
small a g a i n s t  t h e  scale  h e i g h t .  
I n  t h e  p l a n e  wave a n a l y s i s  o f  S e c t i o n  5 ,  t h e  z-depen-  
dence was a u t o m a t i c a l l y  taken  i n t o  account  by eq .  ( 5 . 1 ) .  
I n  t h e  W . K . B .  method, however, w e  assume f o r  t h e  
v e l o c i t y  components a dependence o f  t h e  form 
- 3 6 -  
(11.1)  
where k,= kxgx + k e . 
dependence t o  be  t r e a t e d  by t h e  W . K . B .  method. I n  eq .  (5 .1)  
i t  i s  s e e n  t h a t  w e  had chosen 
f(z) d e s c r i b e s  t h e  unknown z -  
-Y - 
f ( z )  = e i k z z  (11.2)  
Now, however, w e  have ,  i n  keep ing  w i t h  t h e  W . K . B .  a n a l y s i s  
9 (11.3) f ( z )  = A ( z )  e @ ( z >  
where - i @ ( z )  i s  t h e  phase ,and  A(z)  i s  a s lowly  v a r y i n g  
f u n c t i o n  o f  z .  We can c o n s i d e r  d 2 A/dz2 s m a l l  a g a i n s t  A 
and ,  t h e r e f o r e ,  n e g l e c t  i t .  
We w i l l  b e g i n  t h e  W . K . B .  a n a l y s i s  from t h e  
e q u a t i o n  of  motion ( 4 . 9 )  
2 a v  - - a 2  g r a d  div v - g r a d  ( v - g )  - g ( y - 1 )  d i v  v - - - 7 
+ H x c u r l  c u r l  (v  x H ~ )  = o 4np- -0 - - 
eq  
For t h e  v e l o c i t y  dependence, w e  i n t r o d u c e  t h e  e x p r e s s i o n  
from eq .  (11.1)  
(11.4) 
where 5 i s  a c o n s t a n t  v e c t o r  i n  t h e  v d i r e c t i o n .  - 
- 3 7 -  
Using t h e  e x p r e s s i o n  (11 .4 ) ,  w e  per form t h e  v a r i o u s  
mathemat ica l  o p e r a t i o n s  i n d i c a t e d  i n  eq .  ( 4 . 9 )  as fo l lows :  
2 
i ( k * r  - u t )  a v  - =-wz v f e -1- at2 -C t 
d f  
g rad  d i v  - v = - k i ( v c * e z )  E - ( L i s )  





(11 .6)  





i ( k . r  - u t )  




- 3 8 -  
. 
and I 
H x c u r l  c u r l  (v x H ) = 
-0 - -0 
df  (H * Q  (Ho*ez) 
-0 
.-f(H ' v  ) (k 'H ) + i E
-0 -c --I -0 
L 
(11.9) J *  
By s u b s t i t u t i n g  eqs .  (11.5) - (11.9) i n t o  eq. 
( 4 . 9 ) ,  w e  have ,  upon c o l l e c t i n g  terms and c a n c e l i n g  t h e  
e x p o n e n t i a l  term 
-39-  
(H - s ) ( H  . k  ) H2 




-ig ( s*ez ) f  + 4aP 
(11.10) 
- 4 0 -  
From eq .  ( 1 1 . 3 ) ,  w e  have 
(11.11)  
L . 
By i n s e r t i n g  eqs .  (11.11) and (11.12) i n t o  eq .  
( l l . l O ) ,  w e  o b t a i n  terms m u l t i p l i e d  by A ,  d A/dz , (dA/dz) (d@/dzj  
A(c!g/dz)’, A d 2 @ / d z 2 ,  dA/dz, and A d @ / d z .  
2 2 
In  t h e  s p i r i t  o f  
t h e  W . K . B .  method, w e  c o n s i d e r  A(z) t o  be  a f u n c t i o n  s lowly  
v a r y i n g  over  a wave l e n g t h  l / k ,  and f o r  t h i s  r e a s o n ,  w e  n e g l e c t  
terms m u l t i p l i e d  by d A / d z 2  and dA/dz. 
d@/dz  a k, terms m u l t i p l i e d  by (dA/dz) (d@/dz)  canno t  
2 However, s i n c e  
be  n e g l e c t e d  i n  t h e  W . K . B .  app rox ima t ion ,  which becomes e x a c t  
i n  t h e  mathemat ica l  l i m i t  k -+ a. 
We t h e n  s e p a r a t e  eq .  (11.10) i n t o  two e q u a t i o n s ;  
one e q u a t i o n  c o n t a i n i n g  terms m u l t i p l i e d  by (dA/dz) ( d @ / d z )  
and A d p/dz2, and t h e  o t h e r  e q u a t i o n  c o n t a i n i n g  terms 
m u l t i p l i e d  by A ,  A(d$/dz) ,  and A(dq/dz)’. 
2 
Hence, w e  have ,  r e s p e c t i v e l y  
- 4 1 -  
and 
L 
+ 2 dA d@ H!] = 0, ( 1 1 . 1 3 )  
(cont . ) 
- 4 2 -  
( 1 1 . 1 4 )  
- 4 3 -  
Eq. (11.13) is a three-dimensional vector equation, which 
is equivalent to three scalar equations for the three velocity 
components of 5, which are xx,  v and xz. The condition for 
the solution of these three equations is the vanishing of 
CY ' 
the determinant of the coefficients. However, here it is 
advantageous to take the dot product of eq. 
k H , and e,. - - i , -0  
( x & l 9  (5 . H  -o ) ,  and (xc-eZ) of the three equations thus 
formed is , where i:j denotes the term of the ith row 
and the jth column: 
(11.13) with 
The determinant of the coefficients of 
1 : 2  = 0 
2:l = 0 
2:2 = 0 
2 -0 dA d@ 
dz 
2:3 = a 
- 4 4 -  
. 
3 : l  = 0 
I -  
(11.15)  
I t  f o l l o w s  from s e t t i n g  t h i s  d e t e r m i n a n t  t o  ze ro  t h a t  
d z  de' 
(11.16)  
T h i s  i s  t h e  expec ted  r e l a t i o n  between t h e  ampl i tude  and t h e  
phase  from employing t h e  W . K . B .  method. 
?:e t r e a t  e q .  (11.14) i n  a s imi l a r  manner a s  e q .  
(11 .13 ) .  The c o n d i t i o n  f o r  t h e  s o l u t i o n  of t h e  t h r e e  s c a l a r  
e q u a t i o n s  c o n t a i n e d  i n  t h e  v e c t o r  eq .  (11.14)  i s  f o r  t h e  
d e t e r m i n a n t  o f  t h e  c o e f f i c i e n t s  t o  be z e r o .  Again,  w e  o b t a i n  
t h r e e  e q u a t i o n s  from e q .  (11.14)  by t a k i n g  t h e  d o t  p roduc t  
of eq .  (11 .14)  w i t h  k 3, 
c o e f f i c i e n t s  of  (s- k ) ,  
e q u a t i o n s  i s ,  a f t e r  d i v i d i n g  by A :  
and e . The d e t e r m i n a n t  of  t h e  
-Z -1 
O H  ) and (vK*eZ) of t h e  t h r e e  
--I (2 -0 




d e  dz  9 
(I1 ' k  ) 2 dQ 2 
k L  - i rf ( H .  e 1 ks -0 --I 
eq 
-0 -2 2 : l  = 4 T P  
(M ' k  ) d@ -0 -1 2 ( H  ' e z ) .  
ecl 
-0 - - i -  
d z  l t r rpeq 
3 : l  = - (2)
4 T P  
9 
- 4 6 -  
H2 do 2 do 3:2 = - i g (  y - 1 ) + i a  = + i  a-z K P e q  
2 
S e t t i n g  t h i s  de t e rminan t  t o  ze ro  g i v e s  
- 4 7 -  
(H ' k  ) ' ( H  ' e  ) 2  4 
-0 --I -0 --t ( H  'ez) 
+ 3gY 2 -0 + gyk ,  
(H ' k  ) ( H  ' e  ) 3  2 2 -0 --A -0 -E! - 4 i a  kL - 4 i a  
(47TP l 2  eq 
(cont . ) 
- 4 8 -  
(H ' k  ) 2 ( H  ' e  ) 2  2 (H ' k  ) ( H  ' e  ) 
(4 TI Peq)  4nPeq 




y- l )k :  0k, 
A n n  
H2k2 4 0 5 .  w 
(H ' k  )3(H -o ' e  --z ) J 6 4 2 2  + w  - w a k L  - 2 2 -0 -1 + 4 i a  k, 
(4TP eq l 2  41T~eq 
(H ' k  ) ( H  ' e  ) 
4 T P  
2 2 2  4 2 -0 -1 -0 --z (H ' k  ) 2  - w  4 -0 --I + w g k, (y-1) + igyw kL 
eq eq 
(H ' k  ) 2  
4 T P  
(H ' k  ) 3 ( H  ' e  ) 
eq 
2 -0 -1 y o  -E (H ' k  ) 2  t -igyk, 
4 
2 2 2 -0 -A 
( 4 T P  1 eq eq 
+ w I 1 k  2 2 2 -0 -,J. + 2 w  a kL 
( 4 T P  1' 47TP 
( H  ' k  ) 2  'Ho'kl 
(4TO l 2  41T9eq eq 
2 2 -0 -L 2 2  = o  (11.18)  - a kL -g c Y - m L  
Eq-. (11.18)  i s  a f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n  of  t h e  
s i x t h  d e g r e e ,  and i t  can  be f a c t o r e d  i n t o  two f i r s t  o r d e r  d l f f e r e n t i a l  
e q u a t i o n s ;  one o f  t h e  second d e g r e e  and one o f  t h e  f o u r t h  d e g r e e .  
The t h e o r y  o f  d i f f e r e n t i a l  e q u a t i o n s  a l l o w s  u s  t o  e q u a t e  each 
f a c t o r  t o  z e r o .  Upon r e a r r a n g i n g  t e rms ,  we have 
(11.19)  
- 4 9 -  
2 w 2  H 2  (H  -0  'K, 1 
2 k 2  - 
2 
2 Peq(-z) - 2- --I 
-0  --z a2(H -0 ' e  --E ) (Ho'e,3 
r 3 
The s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  (11.19)  
g i v e s  t h e  phase  f o r  t h e  W.K.B .  s o l u t i o n  f o r  t h e  Alfven mode. 
The s o l u t i o n  of  t h e  d i f f e r e n t i a l  e q u a t i o n  (11.20)  g i v e s  t h e  
p h a s e  f o r  t h e  N . K . B .  s o l u t i o n  of  t h e  two remain ing  modes. 
The d i f f e r e n t i a l  e q u a t i o n s  (11.19)  and (11.20) c a n  b e  
b rough t  i n t o  a form t h a t  can be  s o l v e d  by t h e  s e p a r a t i o n  of v a r i a  
b l e s ,  a f t e r  f i r s t  s o l v i n g  bo th  e q u a t i o n s  a s  a l g e b r a i c  e q u a t i o n s  
o f  t h e  second and f o u r t h  deg ree  i n  t h e  unknown d @ / d a .  T h i s  c a n  
always be done i n  c l o s e d  form f o r  an  a l g e b r a i c  e q u a t i o n  up t o  t h e  
f o u r t h  deg ree .  
- 5 0 -  
, 
I 
12. VERTICAL PENETRATION DEPTHS 
The condition d@/dz = 0 implies that the z-component 
of the wave number, k, is zero. This gives the condition for 
the termination of the wave propagation in the z-direction, 
that is, the vertical penetration depth. At this point, k = k .  
-A - 
Setting dg/dz = 0 in eq. (11.19) and using the 
(the first equation of ( 2 . 9 ) ) ,  gives upon eq’ 
definition of p 
solving for the penetration depth, z 
Pd 
(12.1) 
where h is the scale height defined by eq. ( 4 . 3 ) .  From eq. 
(8.5), the dispersion relation for the Alfven mode at 
z = O i s  
(12.2) 
0 I 
We define two angles. 
and $, is the angle between H and - k at z = 0. By the 
substitution of eq. (12.2) and the angles 4 I and 4 0 into 
eq. (12.1), we have 
$A is the angle between -0 H and -.L k ’ 
-0 
2 2 
z =hln[, k cos 4 . 
Pd k p o s  
(12.3) 
But from the definition of the angle e ,  we have I 
-51- 
2 
2 = s i n  8 k, 7- * 
Thus, e q .  (12 .3)  becomes 
= h 1n[cos2 'o  2 3 
Pd s i n  8 cos  
Z 
J 
(12 .4)  
(12 .5 )  
which i s  t h e  e q u a t i o n  for t h e  p e n e t r a t i o n  dep th  f o r  t h e  Alfven 
mode. 
A s  an example,  w e  w i l l  c o n s i d e r  t h e  c a s e  of  a 
v e r t i c a l  magnet ic  f i e l d .  F i r s t .  l e t  u s  suppose t h a t  t h e  
wave v e c t o r  i s  i n i t i a l l y  d i r e c t e d  v e r t i c a l l y .  We have 8 = O", 
4 = O", and + = 90°, which g i v e  z = +a. Thus, 
we can say  t h a t  no r e f l e c t i o n  e x i s t s  f o r  t h e  Alfven mode f o r  
v e r t i c a l  d i r e c t e d  waves i n  a v e r t i c a l  magnet ic  f i e l d .  Second, 
l e t  u s  suppose t h a t  t h e  wave v e c t o r  i s  i n i t i a l l y  d i r e c t e d  
a long  t h e  h o r i z o n t a l .  We have e = 90" and $ = , 
which g i v e  z = 0 .  This  r e s u l t  i s  obv ious ,  s i n c e  i n i t i a l l y  
we had no z-component of t h e  wave v e c t o r .  
0 I Pd 
0 
Pd 
S e t t i n g  d@/dz  = 0 i n  e q .  (11 .20 ) ,  g i v e s  upon s o l v i n g  
f o r  t h e  p e n e t r a t i o n  depth  
(12.6)  
- 5 2 -  
In order to put this equation into a nondimensional form, we 
define a ratio of pressures at z = 0, similar to eq. (8.10), 
B =r D O  
O H /8a 
0 
(12.7) 
Using eq. (12.7) and the characteristic wave number and the 
characteristic frequency defined by (8.9), we have, upon 
substitution into eq. (12.6) 
i Zpd = h In YB 2 2  YB [W4 - W KI + 9 (y-l)] 
where the expression given by the dispersion relation (8.12) 
has to be substituted for W. 
-53- 
13 .  PARTICLE ORBITS 
I n  t h i s  s e c t i o n  we c o n s i d e r  t h e  o r b i t  o f  an 
i n d i v i d u a l  p a r t i c l e  of  t h e  medium undergoing wave motion.  
The p a r t i c l e  o r b i t s  can be o b t a i n e d  from t h e  v e c t o r  e q u a t i o n  
( 6 . 2 ) .  Upon s e p a r a t i n g  t h i s  e q u a t i o n  i n t o  i t s  components 
-x' e -y' e and eZ, e q u a t i n g  each component t o  z e r o ,  and r e -  
a r r a n g i n g  t h e  terms, we have r e s p e c t i v e l y  t h e  fo l lowing  t h r e e  
s c a l a r  e q u a t i o n s :  
lJ11 vx + vy + (' 1 3  + i s  1 3  ) v , = O  (13.1)  
+ i s  ) v z  = 0 l J21  vx + '22  'y + ('23 23 (13.2)  
where 
- 5 4 -  
i 
i 
H 2  2 -0 1 
4 T P  eq 
= - a  kxkz  + (kZHx + k x H z )  - 4 n p  O eq kxkz 9 '31 
H 2  
y z - 4 n p  O k k  
2 ( k * H  -0 1 - 
Y Z  
9 
eq 
'32 - - a  k y k z  + 
2 2  (k .H 1 H' 2 ( K ' H  -0 1" 2 = w - a k Z  + 2 kzHz - k Z  - 
'33 eq e q  4nPeq 
and  
-55- 
TO o b t a i n  t h e  p a r t i c l e  o r b i t s ,  w e  assume t h a t  
acco rd ing  t o  e q .  ( 5 . 1 ) ,  t h e  z-component o f  t h e  v e l o c i t y  h a s  
t h e  form 
i ( k * r  - u t )  = A e  _ _  
v Z  
, (A = Const . )  (13.4)  
We s o l v e  e q .  (13 .2)  f o r  vz and s u b s t i t u t e  t h e  r e s u l t  i n t o  
e q .  (13 .1 ) .  Th i s  g i v e s  
p 1 2  1 ~ 2 3 )  + i ( E  - - '23) 9 2  - -  
v (13 .5)  p 2 2  l3 p 2 2  
('13 v =  
Z 
X 
We t h e n  s o l v e  eq .  (13 .2 )  f o r  vx and s u b s t i t u t e  t h e  r e s u l t  i n t o  
e q .  ( 1 3 . 1 ) .  Th i s  g i v e s  
v =  
Y (13 .6)  
For small  d e v i a t i o n s  of t h e  p a r t i c l e s  from t h e i r  e q u i l i b r i u m  
+ z e , w e  can  pu t  p o s i t i o n s  r = x e + yoey 
0--z -0 0 -x 
x = x  + 5 
0 .  
Y = Y o +  rl 
z = z  + <  
0 
9 
o r  r e s p e c t i v e l y  
c = x - x  0 
r l = Y - Y  




where 6 ,  Q, and 5 are considered to be small quantities. 
By substituting these expressions into eqs. (13.4), (13.5), 
and (13.6), and by putting r r on the right-hand-side of eq. 
(13.4) according to lowest order pertubation theory, we have 
-0 - 
after integrating for the real parts 
A -- 




A - -  
u ) sin (k-r -ut) 
-0 Q = (  1 ('13'21 - '11'23 - '12'21 - '11'22) 
) cos (k-r - -0 - ut)] 
+ ('21'13 - '11'23 
J 




Eqs. (13.8), (13.9), and (13.10) are the equations f o r  the 
particle orbits in parametric form, where time is the parameter. 
We can consider the equilibirum point to be at the 
origin without modifying the shape of  the particle’s path. 
S o ,  we set x = y = z = 0 ,  which Y i e l d s  
0 0 0 
Upon introducing the phase x = (k*r - wt) , we have f o r  eqs. 
(13.8), (13.9), and (13.10) 
0 -0 - 
x = A sin x + T1 cos x 1 0 0 
y = A2 sin x 0 + T~ cos x 0 
0 J 
z = A sin x 3 
where 
A l = - - [  A ’13’22 - ’12’23 
’11’22 - p12’21 
(13.11) 
-58- 
I -  
) '  
T1 - - :( '2ZE13 - '1ZE23 
'llP22 - '12'21 
and 
- 2  \"12E21 - '11'22 I 
E q s .  (13.11) describe the particle orbit as an ellipse in 
parametric form, but do not describe an ellipse located in the 
x-y plane nor one aligned with its principal axes along the 
x- and y-coordinates. However, it may be put into the familiar 
form of an ellipse by means of a three dimensional rotation. 
Toward this end, we consider the general orthogonal transformation 
where the transformation matrix (aik) is determined from 
the condition that the ellipse shall be located in the 
XI-y' plane and alligned with its principal axes along the 
x'- and y'-coordinates. Since this matrix describes a 
general orthogonal transformation, its elements have to satisfy 
the six orthogonality and normalization conditions 
3 c a 
i=l jk 
= 6  ij"ik j,k, = 1, 2 ,  3 (13.13) 
- 5 9 -  
By s u b s t i t u t i n g  e q s .  (13.11) i n t o  e q s .  (13.12.) ,  w e  have 
where 
and 
x 1  = P 1  s i n  x + Ql cos  x 
0 0 
y '  = r s i n  x + Q C O S  x 
2 2. 0 0 
3 
r = 1 a j i ~ i  
j i=l 
2 
Q = 1  a T  
j i=l j i  i 
(13.14)  
j = 1, 2 ,  3 
j = 1, 2 ,  3 
I n  o r d e r  f o r  t h e  p a r t i c l e  o r b i t  t o  be  l o c a t e d  i n  t h e  X I - y '  
p l a n e ,  it i s  r e q u i r e d  t h a t  z '  = 0 .  S i n c e  t h i s  c o n d i t i o n  must 
- 6 0 -  
be s a t i s f i e d  f o r  a l l  p o s s i b l e  phases  x , t h i s  i m p l i e s  t h a t  
0 
r = o  (13.15) 
3 
and 
n = o  . (13.16)  
Fur thermore ,  i n  o r d e r  t o  a l i g n  t h e  x '  and y '  c o o r d i n a t e s  a long  
t h e  p r i n c i p a l  a x i s  o f  t h e  e l l i p s e ,  i t  is r e q u i r e d  t h a t  
3 
and 




r = o  (13.18) 
2 
.. 
Eqs. (13.16) and (13.17)  a r e  n o t  independent  from each o t h e r ,  
because  t h e y  r e p r e s e n t  two l i n e a r  homogeneous e q u a t i o n s  f o r  
t h e  q u a n t i t i t e s  T I  and T 2 .  
(13.17) a r e  s a t i s f i e d  s imul t aneous ly ,  i t  i s  r e q u i r e d  t h a t  t h e  
I n  o r d e r  t h a t  e q s .  (13.16) and 
de te rminan t  of t h e i r  c o e f f i c i e n t s  v a n i s h .  Th i s  c o n d i t i o n  i s  
g iven  by 
= o .  O31 '12 - '32 all (13.19) 
The a i k ' s  r e p r e s e n t  n i n e  uqknowns, and t h e  o r t h o g o n a l i t y  
and n o r m a l i z a t i o n  c o n d i t i o q s ,  e q s .  (13 .13) ,  g i v e  u s  s i x  c o n d i t i o n s  
toward t h e  de t e rminan t ion  qf t h e s e  unknowns. Eqs. (13 .15 ) ,  (13 .18 ) ,  
and (13.19) g i v e  u s  t h e  r e q u i r e d  t h r e e  a d d i t i o n a l  c o n d i t i o n s  
n e c e s s a r y  t o  de te rmine  a l l  t h e  n i n e  unknowns aik. Hence, t h e  
-61-  
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t r a n s f o r m a t i o n  m a t r i x  i s  un ique ly  de t e rmined ,  and from eq .  
(13.14) f o l l o w s  t h e  equa t ion  f o r  t h e  p a r t i c l e  o r b i t ,  which i s  
i n  g e n e r a l  an  e l l i p s e  given by 
2 (E) + ( $ ) 2 = 1  (13.20)  
I t  i s  t o  be  n o t e d  t h a t  t h e  o r b i t s  a re  f r equency  o r  wave number 
dependent  a c c o r d i n g  t o  eqs .  (13 .1)  and ( 1 3 . 2 ) .  The d i s p e r s i o n  
r e l a t i o n ,  e q .  ( 6 . 9 ) ,  r e l a t e s  t h e  f r equency  t o  t h e  wave number. 
For t h e  s p e c i a l  case o f  t h e  Alfven  wave, because  
of t h e  s i m p l i c i t y  o f  t h i s  mode, t h e  p a r t i c l e  o r b i t  can  be  
d e r i v e d  i n  a more d i r e c t  way. From t h e  c o n d i t i o n s  o f  
t r a n s v e r s a l i t y  which a r e  v a l i d  f o r  pure Alfven  waves,  w e  have ' 
which,  w i t h  t h e  p l a n e  wave s o l u t i o n  ( S . l ) ,  becomes 
and fur thermore ,  f o r  Alfven waves w e  have 
(13.21)  





By substituting e q s .  (13.21) and (13.22)  i n t o  eq .  ( 6 . 2 ) ,  w e  
c o b t a i n  
I 2 (k.H 1 
v = o  . (13.23) 2 -0 
eq 
- 
wv + i ( v * g ) k  - - 4 a p  - 
I can  be  seen  t h a t  eq .  (13.231 i n p l i e s  
From t h e  d i s p e r s i o n  r e l a t i o n  f o r  Al fven  waves,  eq .  (8.5), i t  
v * g  = 0 - (13.24)  
Thus,  t h e  p a r t i c l e  v e l o c i t y  v e c t o r  i s  b o t h  p e r p e n d i c u l a r  
t o  t h e  manet ic  f i e l d  v e c t o r  H , eq .  (13 .22 ) ,  and t o  t h e  
g r a v i t y  v e c t o r  g, eq .  (13 .24) .  Hence, t h e  p a r t i c l e  o r b i t  i s  a 
s t r a i g h t  l i n e  d i r e c t e d  a long  t h e  v e l o c i t y  v e c t o r  - v.  
-0 
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1 4 .  CONCLUSION 
We have cons ide red  small ampl i tude  low f requency  
waves i n  a plasma of  i n f i n i t e  c o n d u c t i v i t y  under  t h e  i n f l u e n c e  
o f  a c o n s t a n t  e x t e r n a l  magnetic and g r a v i t a t i o n a l  f i e l d .  We 
have shown t h e  e x i s t e n c e  of t h r e e  wave modes, which a r e  u n s t a b l e  
i n  many c a s e s .  One mode, i d e n t i c a l  w i th  t h e  Alfven  mode, and 
t h e r e f o r e  s t a b l e ,  i s  independent  o f  c o m p r e s s i b i l i t y  and g r a v i t y .  
The i n s t a b i l i t i e s  do n o t  appear  by c o n s i d e r i n g  t h e  
hydromagnet ic  wave motion independent  from t h e  i n t e r n a l  g r a v i t y  
wave motion.  Our r e s u l t s  show i n s t a b i l i t i e s  which may be r e l a t e d  
t o  t h e  i n t e r c h a n g e  i n s t a b i l i t y  i n  curved  magnet ic  f i e l d  con- 
f i g u r a t i o n s ,  which h a s  been t h e o r e t i c a l l y  i n v e s t i g a t e d  by Rosenbluth 
and Longmire . In  t h e i r  c a s e  an " e f f e c t i v e "  g r a v i t a t i o n a l  f o r c e  
w a s  i n t r o d u c e d  t o  t a k e  i n t o  account  t h e  c e n t r i f u g a l  f o r c e  on 
p a r t i c l e  o r b i t s  due t o  f i e l d  l i n e  c u r v a t u r e .  
1 9  
A s  can be s e e n  from Table  1, t h e r e  i s  a l a r g e  
a n i s o t r o p y  w i t h  r e g a r d  t o  s t a b l e  wave p r o p a g a t i o n .  Th i s  
b e h a v i o r  does n o t  occur  i n  a t r e a t m e n t  n e g l e c t i n g  t h e  wave mode 
c o u p l i n g .  T h e r e f o r e ,  o u r  r e s u l t s  sugges t  t h a t  a s e a r c h  be 
made f o r  t h e s e  i n s t a b i l i t i e s  i n  t h e  s o l a r  a tmosphere.  I t  may 
be  p o s s i b l e  t h a t  t h e  v i o l e n t  n a t u r e  o f  s o l a r  f l a r e s  which 
occur  i n  i o n i z e d  l a y e r s  premeated by a magnet ic  f i e l d  i n  
r e g i o n s  above s u n s p o t s  i s  r e l a t e d  t o  t h e s e  i n s t a b i l i t i e s .  
"M.N. Rosenblu th  and C . L .  Longmire, Ann. Phys. (N.Y.) - 1, 1 2 0  ( 1 9 5 7 ) .  
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TABLE 1. Ranges of s t a b i l i t y  of  c e r t a i n  combinat ion of a n g l e s .  
6 .... S t a b l e  wave p ropaga t ion  o c c u r s  f o r  a l l  K. 
N P  .... N o  propaga t ion .  
S L . . . .  A s t a b i l i t y  l i m i t  e x i s t s  f o r  which a s t a b l e  mode 
o c c u r s  f o r  K > KS1 and i n s t a b i l i t y  occur s  f o r  K < K s l .  
SWN ... A s i n g l e  d i s c r e t e  wave number e x i s t s  f o r  which 
s t a b l e  wave motion i s  p o s s i b l e ,  o t h e r w i s e  u n s t a b l e .  
U .... Uns tab le  wave p r o p a g a t i o n .  
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FIGURE CAPTIONS: 
F igu re  1. D e f i n i t i o n  o f  t h e  a n g l e s  e ,  q ,  and 4 .  
F i g u r e  2 .  The l o c a l  d i s p e r s i o n  r e l a t i o n  Re(W+) f o r  
K > K s l .  e = g o o , ? =  go",  and 4 = 0". 
F i g u r e  4 .  The growth r a t e s ,  Im(W+) and Im(W-), f o r  
e = g o o , ? =  go",  and I$ = 0 " .  
F i g u r e  5 .  The l o c a l  d i s p e r s i o n  r e l a t i o n  Re(W+) f o r  
K > KS1. e = 90°, ? =  O", and 0 = 9 0 " .  
F i g u r e  6 .  The l o c a l  d i s p e r s i o n  r e l a t i o n  Re(W ) f o r  
K K s l .  8 = g o " , ? =  O", and 4 = 9 0 " .  
F i g u r e  7 .  The growth r a t e s ,  Im(W+) and Im(W-), f o r  
e = g o " , ? =  O", and 0 = 9 0 " .  
F i g u r e  8 .  The growth r a t e ,  Im(W-), f o r  
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